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Analytical constants are presented which describe the magnetic form factors for the firstgroup transition 
elements, their ions, and some rare-earth ions. Functions which peak at sin 0/2= 0 are represented by a 
function A exp (-axZ)+B exp ( - b x 2 ) +  C, where x is sin 0/2. Contributions such as (]2) and ( j 4 )  etc., 
which are zero at x = 0, are represented by [A exp ( -  ax2) + B exp ( -  bx2) + C]x2. An estimate for the 
goodness of fit between the function and its analytic approximation is given for each case. 

Introduction 

Analy t ic  app rox ima t ions  to fo rm factors are f requent ly  
used in the ca lcu la t ion  o f  s t ructure factors in preference  
to in te rpo la t ion  m e t h o d s  which  involve  an increase in 
c o m p u t i n g  t ime  and,  pe rhaps  m o r e  impor tan t ly ,  m o r e  
input  data.  Forsy th  & Wells  (1959) have used  the 

expression 

f ( x )=A exp ( -ax2)+B exp (-bx2)+ C (1) 

(where  x = sin 0/2) 

to fit X-ray a tomic  scat ter ing factors,  and  fur ther  tables 
of  the pa ramete r s  A, a, B, b and  C have  been  pub l i shed  
subsequent ly  by H o s o y a  & Sataka  (1963, 1964). 
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Table  1. Parameters for (Jo) scattering functions 

A a B b C 

0.2291 18.18 0.7897 5.807 -0"0191 
0.2277 16.11 0.7923 5.277 -0.0204 
0.2178 15"44 0.8031 4.904 -0.0211 
0.2252 13.43 0.7964 4.245 -0.0220 
0.2595 14"11 0-7603 4.092 -0.0205 
0.2196 12.27 0.8031 3.752 -0.0229 
0.2214 11-65 0.8014 3 - 3 7 1  -0.0229 
0.2332 10.59 0.7902 3.008 -0.0238 
0-2316 9.898 0.7901 2.742 -0.0229 
0.5498 107.3 0.4493 1 8 . 2 7  -0.00253 
0-4633 54-18 0-5418 1 4 . 7 3  -0-00633 
0.3910 36-16 0.6184 1 2 - 8 2  -0.00941 
0.6550 20.84 0.3533 1 2 " 0 4  -0.00970 
0.4809 73.56 0.5200 1 3 . 6 7  -0-00450 
0.4243 42.69 0.5823 1 1 " 7 0  -0"00794 
0.3667 30.66 0.6443 10.41 -0.0111 
0.3318 22.84 0.6821 9.425 -0.0137 
0.4438 54.56 0.5589 10.86 -0.00607 
0.4080 34"87 0.5998 9.615 -0.00913 
0.3595 26.30 0.6524 8.729 -0-0122 
0.3452 19.90 0.6700 7.860 -0.0151 
0.4326 45.13 0.5710 8.997 -0.00681 
0-3957 29.01 0.6129 8.082 -0.0101 
0.3774 21.97 0.6352 7.303 -0-0132 
0.3574 17"47 0.6587 6.704 -0.0160 
0.4208 37.59 0.5834 7.615 -0.00738 
0.4041 25.15 0.6047 6-880 -0.0104 
0.3714 19.26 0.6418 6-340 -0.0138 
0.3839 15.11 0.6328 5.727 -0.0170 
0.4144 32.16 0.5902 6.578 -0.00758 
0.4062 21.99 0.6027 5.968 -0.0105 
0-3715 17.49 0.6413 5.632 -0.0133 
0-3854 13"45 0.6326 5.068 -0.0173 
0.3924 11.23 0.6275 4.672 -0.0200 
0"4064 27"45 0"5983 5 " 7 2 7  -0"00763 
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0.1585 
0.2269 
0.3028 
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0.0945 
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0.2632 
0-1368 
0.0510 
0.0417 
0"2594 
0.1421 
0.0517 
0.1692 
0.0252 
0"2518 
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Atom or 
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Table  1 (cont.) 
A a B b C 

0.4060 19.60 0-6028 5.267 -0.0103 
0.3749 15.70 0.6375 4.996 -0.0131 
0.3754 12.65 0.6412 4.585 -0.0168 
0.4156 23.37 0.5894 4.995 -0.00771 
0.4002 17.62 0.6082 4.706 -0.00989 
0.3798 14.12 0.6323 4-458 -0.0128 
0.3684 11.73 0.6476 4.176 -0.0162 

0-1428 
0.0575 
0.0208 
0.2324 
0.1398 
0.0607 
0.0245 

M o r e  recent ly  the de t e rmina t ion  of  magne t ic  struc- 
tures by n e u t r o n  dif f ract ion has  led to the so lu t ion  of  
relat ively complex  s t ructures  involv ing  non-co l l inea r  
spin a r rays  and  a mul t ip l ic i ty  of  magne t i ca l ly  non-  
equiva lent  a toms.  The  consequen t  deve lopmen t  of  the 
app rop r i a t e  least-squares  ref inement  p rog rams  can be 
simplif ied by adop t ing  an  ana ly t ica l  a p p r o x i m a t i o n  
for  the magne t i c  form factors.  In con t ras t  to the 
X- ray  case the devia t ions  f rom spherical  symmet ry  
o f  the magne t ic  m o m e n t  dens i ty  are f requent ly  large 
and,  in these cases, it is no t  sufficient to describe the 
fo rm fac tor  in terms of  an angu la r ly  independen t  

rad ia l  d is t r ibut ion .  W a t s o n  & F r e e m a n  (1961) have  
calcula ted the spherical  ( j 0 )  and  aspher ical  ( j z )  and  
( j4 )  con t r ibu t ions  to the form factors  for  the 3d 
electrons o f  the i ron g roup  t rans i t ion  e lement  series 
Sc to Cu, and  this  work  has  been extended by Blume,  
F r e e m a n  & W a t s o n  (1962) to the rare  ear th  ions where  
the full  descr ip t ion requires  (J6),  (g2), (g4) ,  (g6)  and  
( g 0 - ½ g z )  terms in add i t ion  to those requi red  for  the 
3d elements.  

The  purpose  o f  this paper  is to report ,  in Tables  1 
and  5, values  for the ana ly t ica l  cons tan ts  [equat ion (1)] 
required to describe the ( jo )  and  ( g 0 - ½ g 2 )  cont r ibu-  

Table  2. Parameters for (Jz) scattering functions 
Atom or A a B b C e 

ion 

Sc 20.653 56.897 2.5834 9.3015 0.00833 3.809 
Sc + 9.6819 29.638 2.2081 7.0536 0-00937 2.228 
Sc2+ 6.3663 19.781 1.8414 5.7114 0-00930 1-062 
Sc3+ 5.6073 14.998 1.4465 5.2351 0.00752 0.5069 
Ti 12.726 41.122 2.4102 7.4427 0.01244 3.535 
Ti + 7.0006 23.340 1.9611 5.8675 0.01246 1-828 
TiZ+ 4.9870 16.955 1.7102 4.9451 0.01172 0.9526 
TP + 3-9338 12.898 1.4327 4.2234 0.01049 0.4913 
V + 5.4867 19.584 1.7722 5.0732 0.01529 1.5491 
V 2+ 4.0931 14.989 1.5937 4.3983 0.01403 0-8370 
V 3+ 3.2863 11.801 1.3847 3.8370 0.01274 0-3987 
Cr 6.8257 25.561 1.8567 5.2937 0.01905 2.6118 
Cr2+ 3.4152 13.510 1.5033 3.9839 0.01649 0-6899 
Cr3+ 2.7839 10.947 1.3432 3.5414 0.01525 0.3294 
Mn 5.5273 21.904 1.6815 4.6742 0.02209 2.1958 
Mn ÷ 3.8539 15.571 1.5227 4.0849 0.02089 1.1456 
Mn3+ 2.3850 10.213 1.2967 3.2916 0.01761 0.2504 
Fe 5.7627 21.657 1.6054 4.3023 0.02571 2.273 
Fe + 3.2912 14.143 1.4210 3.7396 0.02336 0-9610 
Fe 2+ 2.5329 11.575 1.3614 3.4148 0-02163 0-4622 
Fe 4+ 1.7309 8.166 1.1632 2.8445 0-01949 0.1040 
Co 3.9059 17.293 1.4373 3.8389 0.02769 1.5703 
Co + 2-8812 13.221 1.3549 3.4910 0.02607 0-8148 
Co 2+ 2.2130 10.882 1.3042 3.2067 0.02433 0.3863 
Co 3÷ 1.8119 9.0380 1.2000 2.9066 0.02242 0.1712 
Ni 3.3991 15.515 1.3249 3-5276 0.03004 1.259 
Ni + 2.5094 12.351 1.2931 3.2710 0.02881 0.6758 
Ni2÷ 1.9436 10.274 1.2499 3.0242 0.02686 0.3100 
NP ÷ 1.6009 8.5706 1.1538 2.7540 0.02474 0.1338 
Ce 3+ 2.1284 8.9174 1.1229 2.8371 0.01108 0.6529 
pr3+ 1.8655 8.1948 1.0779 2-6641 0.01199 0.6399 
Nd 3+ 1.6588 8-1717 1.1067 2.6038 0.01364 0.4934 
Sm 3+ 1.3662 7.7069 1.0690 2.4118 0.01555 0-4531 
Eu 2÷ 1.4865 7.7951 0.9980 2.3496 0.01543 1.2008 
Gd 3÷ 1.1659 7.2776 1.0098 2-2256 0.01734 0.4814 
Dy3+ 1.0661 7.1524 0.9551 2.0798 0.01816 0.3086 
Er3+ 0.9824 6.7174 0.8747 1.9053 0.01805 0.2951 
Yb 3+ 0.8636 6.7786 0.8613 1.8515 0.02192 0.3454 
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T a b l e  3. Parameters for (J4) scattering functions 

Atom or A a B b 
ion 

Sc 2.3127 19"022 0.5647 4"2687 
Sc + 1.1870 7.9530 0.2906 2.4070 
Sc2+ 1.0152 4.1972 - 1.2280 55.241 
Sc3+ 1.0735 4.0281 - 1.2238 29-432 
Ti 1.2896 12.885 0.4944 3.3216 
Ti ÷ 0.9768 4.3318 - 1.3890 112.48 
Ti 2÷ 0.8246 3.4906 -0 .9708 42.851 
Ti3÷ 0.7477 3.0355 -0 .8367 24.408 
V ÷ 0.8095 3.6667 -0 .9575 68.325 
V 2+ 0.6982 3.0186 -0 .8060 34.797 
V 3+ 0.6392 2.6655 -0.7021 21.009 
Cr 0.6737 7.4807 0.3388 2.1652 
Cr2+ 0.6029 2.6589 -0 .6674 28.196 
Cr3+ 0.5570 2.3792 -0"5993 18"221 
Mn 0.6098 5"5244 0.2239 1"3058 
Mn + 0.5990 2.8534 -0 .6890 42.223 
Mn3+ 0.4910 2.1427 -0 .5206 16.011 
Fe 0.6054 3.2286 -0 .9535 121.57 
Fe ÷ 0.5273 2.5758 -0 .5953 35.271 
Fe 2+ 0.4725 2.1691 -0 .5025 20.608 
Fe 4÷ 0.4115 1.7728 -0 .4302  10.977 
Co 0.5275 2.8973 -0 .6739 76.357 
Co + 0.4718 2.3685 -0.5151 29.789 
Co2+ 0.4240 1.9835 -0-4429 18.148 
Co3+ 0.3941 1.7868 -0 .4135 13.010 
Ni 0.4763 2.6905 -0 .5966 54.957 
Ni + 0.4209 2.1608 -0 .4512 25.383 
Ni2+ 0.3825 1.8218 -0.3981 16.169 
Ni3+ 0.3574 1-6461 -0 .3764 11.972 
Ce 3+ 0.4221 1.7572 -0 .4087 14-604 
pr3+ 0.3827 1.5924 -0 .3589 12-6798 
Nd 3÷ 0.3565 1.4851 -0 .3306 11.2048 
Sm3+ 0.3075 1.2546 -0 .2842 10.219 
Eu 2+ 0.2956 1.2777 -0 .2746 12.994 
Gd 3÷ 0.2659 1.0646 -0 .2358 9.4324 
Dy 3+ 0.2351 0.9727 -0 .2269 9.9402 
Er3÷ 0.2099 0.8708 -0 .1850 9.3512 
Yb 3÷ 0.1939 0.7638 -0 .1803 9.2104 

0.01014 
0.00350 
0.02184 
0.01884 
0.01135 
0.02441 
0.02315 
0.02258 
0.02620 
0.02380 
0.02322 
0.00901 
0.02406 
0.02350 

-0.00699 
0.02818 
0.02338 
0.03446 
0.02845 
0.02408 
0.02141 
0.03526 
0.02895 
0.02371 
0.02257 
0.03600 
0.02862 
0.02327 
0.02190 
0-01465 
0.01384 
0.01359 
0.00961 
0.01142 
0.00614 
0.00723 
0.00619 
0.00160 

2.430 
2.581 
2.333 
1.228 
2.156 
3.1002 
1.4970 
0.7036 
2.0910 
0.9249 
0.4140 
1-8320 
0.5579 
0.2559 
1-7753 
0.9279 
0.1193 
2.5536 
0.6322 
0.1698 
0.0145 
1.8362 
0.4338 
0.0918 
0.0492 
1-3260 
0.2550 
0.0517 
0.0286 
0.3034 
0.3226 
0.3010 
0.4629 
0.2114 
0.3345 
0.2633 
0.2548 
0-2932 

T a b l e  4. Parameters for (j6) scattering functions 

Ion A a B b C e 
Ce 3+ 0.13076 0.8650 -0.15173 5.6704 0.00281 0.4212 
pr3+ 0.12917 0.9376 -0.13886 4.1666 0.00793 0.4655 
Nd 3+ 0.11089 0.7271 -0.12147 4.4742 0.00245 0.4583 
Sm 3+ 0.10872 0.8963 -0 .1282 3.3559 0.01145 0.4941 
Eu 2÷ 0.11729 0.30145 -0.10436 6-1637 -0-03682 0.5386 
Gd 3+ 0.09564 0.30904 -0.08487 4.0469 -0.02168 0.3903 
Dy 3+ 0.23632 0.07179 -0.07037 4.4593 -0.17553 0.4542 
Er3+ 0.0~501 0.16841 0.0 0.0 0.0 3.928 
yb3+ 0.04002 0.13149 0.0 0.0 0.0 3.693 

T a b l e  5. Parameters for (go- ½g2) scattering functions 
Ion A a B b C e 

Ce 3+ 0.3816 9-165 0.6053 2-595 0.0118 0.1441 
pr3+ 0.3623 8.435 0.6230 2.432 0.0132 0.1417 
Nd 3+ 0.3429 8.064 0.6408 2" 313 0.0149 0.1151 
Sm3+ 0.3140 7.480 0.6657 2.110 0.0188 0.1051 
Eu2+ 0.3065 8.304 0.6709 2.127 0.0214 0.1195 
Gd 3+ 0.2822 7.068 0.6939 1.951 0.0227 0.0930 
Dy3 + 0.2784 6" 669 0.6962 1.776 0.0244 0.0906 
Er3+ 0.2665 6.343 0.7050 1.641 0.0274 0.0947 
Yb 3+ 0.2410 6.271 0.7254 1.560 0.0329 0.0618 
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Table  6. Parameters for (g2) scattering functions 

Ion A a B b C e 
Ce 3+ 0.9191 6.7749 0-7037 1.8889 0.03302 0.5145 
pr3÷ 0.8083 6.2423 0.6566 1.7520 0.03201 0.3770 
Nd 3+ 0.7188 6.1288 0.6479 1-7225 0.03419 0-3141 
Sm 3÷ 0.5969 5.2668 0.5711 1.5302 0.03156 0.1419 
Eu z+ 0.6575 6.3330 0.6140 1-6486 0.03628 0.3166 
Gd 3+ 0.4955 5.7275 0.5850 1.5452 0.03707 0.2531 
Dy3+ 0.4583 5.4798 0.5370 1-4323 0.03571 0.2083 
Er3÷ 0.3999 5.4202 0.5134 1.4001 0.03888 0.2036 
Yb3+ 0.3739 5.0025 0.4661 1-2673 0.03468 0.2358 

Table  7. Parameters for (g4) scattering functions 

Ion A a B b C c 
Ce 3+ 0.1885 1" 1911 - 0.1664 8.0750 0.01974 0.3156 
pr3+ 0.1649 0-9648 - 0.1674 9.0049 0.01319 0.3057 
Nd 3+ 0.1515 0.7873 - 0"1554 9-3635 0.00611 0-2377 
Sm3+ 0.1308 0"7836 -0.1192 6-8486 0-01189 0.4517 
Eu2+ 0"1296 0"8038 - 0.1167 8"5749 0'01217 0.3403 
Gd 3+ 0.1158 0.6692 - 0" 1152 6.6378 0.00874 0.2259 
Dy3+ 0.1008 0.6786 - 0"1100 6.8429 0.01353 0.4924 
Er3+ 0.1223 0.2911 -0.0905 8.1898 -0.03044 0.2321 
Yb 3÷ 0.1017 0"3201 -0"0675 6"1564 -0-01608 0.2451 

t ions  for  the fo rm factors given by W a t s o n  & F reeman  
(1961) and  Blume et al. (1962), and,  in addi t ion ,  to 
p ropose  a new fo rm of  a p p r o x i m a t i o n  to the asym- 
metr ic  con t r ibu t ions  which are zero at sin 0/2 = 0. This  
expression is given by 

(.~)=[A exp ( - a x Z ) + B  exp ( -bxZ)+C]x  2, (2) 

n = 2, 4, 6 etc. 

[Equa t ion  (2) is sui table for  describing da ta  which 
increase m o n o t o n i c a l l y  wi th  increasing sin 0/2 f rom 
zero at the or igin to a m a x i m u m  value, and  thereaf ter  
decrease monoton ica l ly . ]  Tables  2, 3, 4, 6, 7 and  8 con-  
tain the cons tants  for these aspher ical  cont r ibu t ions .  

Table  8. Parameters for {g6) scattering functions 

Ion A a B b C e 
Ce 3. 0.04187 0.2535 0 0 0 4.122 
Pr 3+ 0.03632 0.18472 0 0 0 3.911 
Nd 3÷ 0.03164 0"11471 0 0 0 3.937 
Sm 3+ 0.02667 0.05837 0 0 0 3"836 
Eu 3+ 0.02835 0.11317 0 0 0 3.462 
Gd 3+ 0"02165 -0"0209 0 0 0 4"150 
Dy 3+ 0.01958 -0.03825 0 0 0 3.552 

The spherical  con t r ibu t ions  to the magnet ic  scat- 
ter ing are less extended in rec iprocal  space than  the 
tota l  X-ray  scat ter ing factors  and again it seems more  
appropr i a t e  to adop t  a uni t  weight ing scheme. 

We have es t imated the goodness  o f  fit by compu t ing  
a fac tor  

100 
= -~£-  

where N is the n u m b e r  o f  points  fitted and  f0 is the 
m a x i m u m  point  o f  the curve. Values o f  e are inc luded 
in each Table.  

It  can be seen tha t  the fitting is in general  good,  but  
tha t  it is systemat ical ly  worse for app rox ima t ions  
which involve large values for  the coefficients a and  b. 
This  cor re la t ion  indicates  tha t  the expressions are less 
able to app rox ima te  to the fo rm factors  which  vary  
more  sharply  with sin 0/2. 

Some o f  the fo rm factors  for  the (J6) and  all o f  those  
for the ~g6) fo rm do not  reach their  m a x i m u m  within 
the tabu la ted  range (sin 0/2 = 1.3 A-1) .  This  l imi ta t ion  
prevents the p rope r  fitting to equa t ion  (2) and  we have  
arbi t rar i ly  ob ta ined  a ra ther  poore r  fit to these small  
terms by sett ing B, b and  C to zero. 

Weighting and errors 

Forsy th  & Wells  (1959) weighted their  least-squares fit 
with a fac tor  designed to ob ta in  the best fit in the region 
abou t  sin 0/2 = 0.5 A-1 .  Our  results have  been ob ta ined  
wi thou t  this weight ing scheme since, in general ,  the 
aspher ical  da ta  peaks  in the regions between sin 0/2 = 
0 . 4 - 0 - 8  A -1 and  the fit will necessari ly be best in 
these regions. 

Table  9. Input data and corresponding calculated values 
for the (jo) Fe z+ scattering function 

sin 0/2 Input Calculated 
(A -l  ) values values 
0.0 1-0000 0.9995 
0.05 0.9748 0-9746 
0.10 0.9043 0.9047 
0.15 0.8015 0.8023 
0.20 0.6828 0.6831 
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Table 9 (cont.) 

sin 0/2 Input Calculated 
(A -I) values values 
0"25 0.5625 0.5622 
0.30 0.4507 0"4499 
0-35 0"3524 0-3519 
0.40 0.2696 0.2697 
0"45 0.2018 0"2024 
0"50 0-1475 0.1482 
0.60 0.0719 0"0718 
0-70 0.0282 0.0273 
0-80 0.0047 0.0041 
0.90 -0-0068 -0.0066 
1.00 -0.0116 -0.0110 
1"10 -0"0128 -0.0126 

Tables 9 and 10 give the input da ta  and the equiva- 
lent values for the two examples;  the ( j0)  form for 
Fe 2+ and the ( j4)  form for Fe + 

One of  us (EJL) wishes to thank the Science Research 
Council for the award  of  a studentship during the 
tenure of  which this work was completed. The fitting 
of  the asymmetr ic  curves was carried out on the Uni- 
versity of  London C.D.C.  6600 computer.  

Table 10. Input data and corresponding calculated 
values for the (j4) Fe + scattering function 

sin 0/2 Input Calculated 
(A-l) values values 
0.05 0.0001 0.0000 
0"1 0.0014 0.0012 
0.2 0.0142 0.0144 
0.3 0.0379 0.0380 
0.4 0.0608 0.0601 
0.5 0.0767 0.0763 
0.6 0.0847 0.0853 
0"7 0.0862 0.0871 
0.9 0.0772 0.0761 
1 "1 0.0623 0.0627 
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Lattice parameters and thermal expansion coefficients of A1, Ag and Mo were determined at tempera- 
tures between 30 and 180°K in a special X-ray camera without the use of liquid gases. The powder 
samples were cooled by a mechanical refrigerator, and symmetrical back-reflections patterns of the 
three metals were prepared. The purpose was to check the reliability of this method by comparing the 
lattice parameters and expansion coefficients calculated from X-ray patterns with those obtained 
by other well established, interferometric-dilatometric methods. The expansion coefficients were repro- 
duced with reasonable precision, but the lack of reliable measurements of low-temperature parameters 
in the literature prevented a conclusion from being reached concerning the accuracy of the lattice 
parameters calculated. Values of the expansion coefficients and the lattice parameters are given. 

The aim of the present investigation was to determine, 
with high precision, the lattice parameters  of  crystal- 
line substances at low temperatures without the use 
of  liquid gases for sample cooling. The powder sample 
(grain size about  20/0 was placed on a silver sample 

* Presented in part at the Tuscon meeting of the ACA, 
February 1968. Contribution No. 113 from the Materials 
Research Center. 
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holder, tightly screwed to the cold head of  a cooling 
machine. A symmetrical  back-reflection vacuum came- 
ra provided the vacuum shroud for the cold head. The 
high-angle interference were registered on a film (on 
which six exposures can be made) fastened in a mov- 
able cylindrical film holder within the camera.  Lattice- 
parameter  determinations between 30 and 180°K were 
possible. Since more advanced refrigerators are now 
available, temperatures  as low as 3 .6°K (according 
manufacturers ,  claims), can be reached. The camera  for 


